We recover a result of Iwasawa on the p-adic logarithm of principal units of Qp(ζ p n+1 by studying the value at s = 1 of p-adic L-functions.
Since the ninteenth century, it is known that values of L-functions at s = 1 contain deep arithmetic information. This result has much importance because it links analytic formulas with arithmetic invariants. Kubota and Leopoldt have defined an analogous L-function on the padic fields with analytic techniques. Iwasawa has shown how to construct this p-adic L-function algebraically. Our aim in this paper is to give some algebraic interpretations to the analytic formulas giving the value at s = 1 of p-adic L-functions. It leads us to study some properties of the p-adic logarithm which enable us to establish the Galois module structure of the logarithm of principal units. The result obtained (theorem 1.10 below) had been discovered first by Iwasawa ([6] ) in 1968 using explicit reciprocity laws. The first corollary we state to this theorem is an important result also due to Iwasawa ([5] ) which gives the structure of the plus-part of the principal units modulo cyclotomic units.
In the second section we use the theorem 1.10 to study the minus part of the projective limit of these units. The aim is to obtain a theorem which looks like the one of Iwasawa ([5] ). But in the minus-part there are no more cyclotomic units. Yet by considering the p-adic logarithm of principal units we are able to obtain an Iwasawa-like result (theorem 2.3) and its global counterpart.
The authors would like to thank Maja Volkov for her careful reading of the paper and great improvements in the presentation.
For all the paper, fix an odd prime number p and denote by vp the normalized valuation at p. We are interested in cyclotomic p-extensions. We start with θ an even character of Gal(Q( Fix a primitive dth root of unity α. We note ζq n = αζ p n+1 with ζ p n+1 defined such that ζ p p n+1 = ζpn and ζp ∈ µp \ {1}. Let F be the Frobenius endomorphism of Qp(α)/Qp (i.e. F (α) = α p ), and ∆ = Gal(Q(µ pd )/Q).
Then F corresponds to σp ∈ ∆. As θ ∈ ∆ we write θ(F ) for θ(σp). Let Kn = Qp(µq n ) and K∞ = n≥0 Kn. We know that Γn = Gal(Kn/K0) ≃ Z/p n Z and Γ = Gal(K∞/K0) ≃ Zp. Moreover γ0 = σ1+q 0 is a topological generator of Γ. We have the decomposition Gal(Kn/Q) ≃ ∆ × Γ σa → (δ(a), γn(a)).
Finally, we fix some notations from Iwasawa theory. Let O be the ring of integers of Qp(θ) and Λ = O[[T ]]
. By a fundamental results of Iwasawa there exists a power series f (T, θ) ∈ Λ such that for all n ≥ 0, χ ∈ Γn, and s ∈ Zp Lp(s, θχ) = f (χ(γ0)(1 + q0) s − 1, θ).
1 Value at s = 1 of p-adic L-functions
A Lemma on the Iwasawa algebra
Let Λ = Zp[[T ]] be the Iwasawa algebra, g ∈ Λ a formal power series and ωn the element (1 + T ) p n − 1. It is known that the Iwasawa algebra can be described as follows. Let Γ be a multiplicative topological group isomorphic to Zp, Γn its quotient Γ/Γ
Let γ0 be a topological generator of Γ and γ0 its image in Zp [Γn] .We thus have an isomorphism
which, passing to the projective limit, gives an isomorphism
(see for example [7] ). Via this isomorphism the power series g can be written as a sequence of elements ǫn ∈ Zp[Γn] compatible with the restriction morphisms. The aim of this paragraph is to express ǫn according to g. We can write g as
with Qn(T ) ∈ Λ. The canonical isomorphism described above implies that ǫn =
, and let eχ = 1 p n γ∈Γn χ(γ)γ ∈ Qp[Γn] be the associate idempotent. Thus
Summing over all characters of Γ we deduce the following result. 
where γ0 is a topological generator of Γ.
Value of the p-adic L-function at s = 1 : algebraic interpretation
Our aim is to give an algebraic interpretation of the following formula (which can be found in [7] , theorem 5.18) : Proposition 1.2. Let χ be an even nontrivial character of conductor f and ζ be a primitive f th root of unity. We have
We use the notations of the introduction. Recall the well-known relation for all n ≥ 0 and i ≤ n
Assume θ = 1. By the results of the previous paragraph we know there exists (ǫn(θ)) n≥0 ∈ lim
− 1, θ) and that for all n ≥ 0 and χ ∈ Γn eχǫn = Lp(1, θχ)eχ.
Remark. Assume θ = 1. We have for all χ ∈ Γn and n ≥ 0 Lp(1, θχ) = 0. Thus for all
Let χ ∈ Γn. We assume that χ = 1 if f θ = d. Then the conductor of the product θχ is f θχ = q k for an integer 0 ≤ k ≤ n.
Proof. Start from the formula in proposition 1.2. Using the fact that τ (χ)τ (χ) = f for a character χ of conductor f we find
Then using the equality (1)
which proves the lemma.
Assume now that f θ = pd and letṪn =
Proof. Recall that for a character χ of second kind (i.e. whose conductor is fχ = p k+1 ) and an integer l 0 ≤ l ≤ n the χ-part eχζ p l+1 vanishes if and only if l = k (see for example [2] ). Let χ be a character of Γn. We have already shown that δ∈∆ θ(δ)eχǫn(θ)(Ṫ
where k is such that fχ = p k+1 when χ = 1 and k = 0 when χ = 1. Thus we have 0 ≤ k ≤ n and f θχ = q k . Then
The last equality follows from the previous lemma. Summing over all characters χ ∈ Γn we obtain the required equality.
Of course there is a similar equality in the case where f θ = d instead of pd. However the result is slightly more complicated to state. We need the following lemma.
It follows that for all n ≥ 0,
where χ0 is the trivial character of Γn. We can now state the theorem which includes all the results of this section.
We definė
We thus have for all n ≥ 0,
where E(θ) is a kind of Euler factor :
) when f θ = d and E(θ) = 1 when f θ = pd.
An application
We now apply theorem 1 to the case where f θ = pd. We slightly change our notations. For the rest of the paper we denote by ∆ the group (Z/pZ) × , θ1 a character of ∆ and θ2 a character of conductor d with d dividing p − 1 such that θ = θ1θ2 is even. We assume first that θ1 = 1, ω. Both cases will be treated separately in the sequel.
Recall that, as usual, α is a primitive dth root of unity. In this situation we have the following result.
Proof. Theorem 1 can be restated as
n i=0 p i−n ζq i and qi = dp i+1 . A straightforward calculation gives
We need a relation between primitive characters and unprimitive ones which is given by the following lemma. Lemma 1.8. Let θ2 be a character whose conductor is d2 with d2|d. Then
Proof. It is sufficient to consider the case where d = ld2 with l a prime number. Let S be the left-hand side sum in lemma 1.8.
• First case : l |d2. For y ∈ (Z/d2Z) × we want to write the elements z of (Z/dZ) × as z = y + kd2 for 0 ≤ k ≤ l − 1. Howerver for all y there exists a ky, 0 ≤ ky ≤ l − 1, such that y + kyd2 ≡ 0 mod l (i.e. y + kyd2 ∈ (Z/dZ) × ). We can write S as
• Second case : l|d2. Then all z = y + kd2 with y ∈ (Z/d2Z)
For a given d dividing p − 1 the two previous lemmas yield the equality
Proof. Suppose first that θ1 is even. Summing the equality (2) over all the θ2 such that the product θ1θ2 is even we obtain 
We have
Hence the right-hand side of the above is equal to −
Since θ1 is even we have e θ 1 log p (α
As un is Galois-invariant we have un ∈ Zp[Γn]. The result follows in this case. When θ1 is odd, the proof runs the same except that
Proof. By lemma 1.9 there exists un ∈ Zp[Γn] such that une θ Tn = e θ log p (α − ζ p n+1 ). By the results of [7] section 13.8 there exists an integer d dividing p − 1 and a primitive dth root of unity α such that
The converse inclusion will be proved in the following section (lemma 1.11 and proposition 1.12). Just note it implies un ∈ Zp[Γn] × for such an α.
We now derive some corollaries from theorem 1.10, the first of which is a well-known result of Iwasawa.
Corollary 1 (Iwasawa) . ( [5] or [7] 
Proof. By basic results on cyclotomic units we have
Lemma 1.9 allpied to d = 1 shows that there exists un ∈ Zp[Γn] such that une θ Tn = e θ log p (1 − ζ p n+1 ). The definition of un gives un = −ǫn(θ). We deduce that log p Cn = Zp[Γn]ǫn(θ)e θ Tn. Moreover theorem 2 shows that log p Un = Zp[Γn]e θ Tn. As θ is even and nontrivial we have isomorphisms
There exists an odd character θ2 whose conductor divides d such that there are at least
Proof. By a result of Anglès ([1], theorem 5.4) there are at least √ p − 2 odd characters θ1 ∈ ∆, such that θ = ω and for all n ≥ 0,
For such a character we know that
Therefore there exists at least one θ2 such that ǫ0(θ1θ2) ∈ W × . Since θ1θ2 is a character of the first kind it follows that
A similar proof yields the following result.
Corollary 3. Let θ1 ∈ ∆, θ1 = 1, ω. There exists θ2 whose conductor divides p − 1 such that θ1θ2 is even and the generalized Bernoulli number B 1,θ 1 θ 2 ω −1 is rpime to p
Some index computations
Let us recall some notations. As usual p is an odd prime number and On is the ring of integers of Qp(ζ
eχ.
We first want to compute the index [ 
Moreover we have the equality
. We have thus shown the following result.
The next index we want to calculate is [ 1 p n e θ On : e θ log p Un]. Proposition 1.12. Let θ ∈ ∆. We have
when θ = ω.
Proof. The proof is based on a result of John Coates, see [3] . We first show the inclusion log p Un ⊆
It remains to compute [e θ log p Un : e θ log p V ]. Consider the morphism
the kernel of which consists of the roots of unity. Then for θ = ω we have
For all integers i ≥ 1 we have an isomorphism of Zp-modules 
Thus for θ = ω k we get
and [e θ (1 + π 2 n On) : e θ (1 + pOn)] = p C(k) where C(k) is the number of integers i such that 2 ≤ i ≤ p n (p − 1) − 1 and i ≡ k mod (p − 1). When k = 0, 1 (i.e. θ = ω, 1) we have C(k) = p n and when k = 0, 1 we have C(k) = p n − 1. Hence the result for θ = ω. The case θ = ω is similar except that ζp, · · · , ζpn are in the kernel of the morphism log p : (1 + π 2 n On)/V −→ log p Un/ log p V . This completes the proof of theorem 1.10. We might want to reformulate it according to Leopoldt's element Tn =
. This element is constructed to satisfy the identity lnTn = Tn. Notice that ln • (
Corollary 4. Let θ ∈ ∆with θ = 1, ω. Then, e θ LnUn = Zp[Γn]e θ Tn.
The case of the Teichmüller character
For technical reasons the results in this section are only valid when p ≥ 5. Let us begin with the following proposition. Proposition 1.13. There exists α ∈ µp−1 \ {±1} such that for all n ≥ 0,
Proof. A careful reading of the proof of theorem 13.54 in [7] shows that lim
eω log p Un is a free Λ-module of rank 1 and that when (ǫn) n≥0 ∈ lim ←− n≥0 eω log p Un is such that eω log p U0 = Zp[ǫ0] then for all n ≥ 0,
Therefore it is sufficient to show there exists α ∈ µp−1, α = ±1 such that
Let us prove (3). Recall that eω log p U0 = eωπ 2 n O0 = p τ (ω −1 )Zp. Let π denote the element ζp − 1.
Proof. We have the congruences
• for all n ≥ p, vπ(
We then have
and the lemma is proved.
Lemma 1.15. Let α ∈ µp−1 \ {1} and θ ∈ ∆, θ = 1. We have
. Notice that log p (γ) = log p (α − ζp) and γ ≡ 1 mod (π 2 ), which allows us to apply lemma 1.14. We get
Taking the θ-part and expanding the sum yields the required result.
Since eω log p U0 = p τ (ω −1 )Zp and vπ(τ (ω −1 )) = 1 we deduce from lemma 1.15 the following result. 
Lemma 1.17. There exists α ∈ µp−1\{±1} such that
This is precisly what we need to complete the proof of proposition 1.13.
Proof. Let us consider the polynomial
k+1 /k mod p and thus
We can therefore use Hensel's lemma which shows that P (X) = −X α∈µ p−1 \{1} (X− a(α)) where a(α) ∈ Z × p and a(α) ≡ α mod p. Notice that P (−1) ≡ 0 mod (p 2 ). Let us assume the lemma is false. Then for all α ∈ µp−1 \ {1}, we have a(α) ≡ α mod p 2 . Thus P (X) ≡ −X
Comparing with the expression of P (X) we deduce that for all k ∈ {1, · · · , p − 1}, we have
Let us apply this congruence with k = 2 and k = 4. The assumption p ≥ 5 is essenial in what follows. We obtain on the one hand (p − 1)ω(2)/2 ≡ −1 mod p 2 , that is to say ω(2)/2 ≡ p + 1 mod p 2 . On the other hand we have ω(4)/4 ≡ 1 + (11/6)p mod p 2 . But ω(4)/4 = (ω(2)/2) 2 ≡ 1 + 2p mod p 2 . This implies 11/6 ≡ 2 mod p 2 which is not possible.
This finishes the proof of proposition 1.13.
In order to apply some of the results of section 1.2, we let θ2 be an odd character of conductor d with d dividing p − 1. Recall that
where α is a primitive dth root of unity and Tn = n i=0 p i−n ζ p i+1 . Since θ2(p) = 1 we have for all characters χ and all integers n ≥ 1,
from which we deduce immediatly that Lp(0, θ2ω) = 0. Thus if f (T, θ2ω) denotes the power series associated to Lp(s, θ2ω) we have the factorization We have
where
The same kind of calculation than in the general case shows that there exists a unit un ∈ Zp[Γn] such that
where γ0 = σ1+p and α is a primitive dth root of unity. Lemma 1.18. We have
Proof. By lemma 1.11 we have [
] is the Iwasawa algebra. The Λ-module M = Λ/(T − p) has no Zp-torsion. Its characteristic polynomial is T −p and it is a standard result that |M/ωnM | = ζ∈µ p n (ζ − p − 1). Then
where ∼ means 'has same p-adic valuation as'.
We have thus established the following result. 
The case of the trivial character
The main difference between the trivial character and the other ones is that the power series associated to Lp has not integral coefficients. Thus We have to work with the power series g(T ) defined by g(
)f (T, 1) ∈ Λ. See [7] , chapter 7 for more details on this particularly proposition 7.9. In our situation we have q0 = p. Let h(T ) = g( Proof. Let the field Bn ∈ Q(ζ p n+1 ) be such that [Bn : Q] = p n . Iwasawa has showed [4] that p does not divide the class number of Bn. Thus [7] , theorem 8.2 shows that T∆ log p En = T∆ log p Cn where Cn is the closure of Cn in Un.
Moreover we have T∆ log p Cn = Zp[Γn]T∆ log p ((1 − ζ p n+1 ) γ 0 −1 ). Now fix a character χ ∈ Γn different from 1 whose conductor is fχ = p k+1 with 1 ≤ k ≤ n. We have 1 p n τ (χ) = eχT∆ Tn and then 1
This proves that for all χ ∈ Γn, χ = 1, we have the following equality
We check that this equality also holds when χ = 1 and summing over all the characters gives the required result. 
. For e0 we notice that e0T∆ Recall that proposition 1.12 gives the index
Moreover note that pζp ∈ log p Un so that T∆(pζp + Tn) ∈ T∆ log p Un. where θ is an odd character of ∆. We assume that θ = ω −1 .
The main result
Lemma 2.1. Let χ be an odd character in ∆, with χ = ω −1 . We have eχ
Proof. It is enough to show that πneχ )f (T, 1). We have
Let (ǫn) n≥0 correspond to g(
1+T
− 1). The same calculation as in lemma 2.3 shows that for all n ≥ 0
Computing the sum χodd ǫneχ(Tn − T n) and using theorem 1.10 we easily obtain the following result.
n is unique modulo µ p n+1 and
For all odd characters χ ∈ ∆ \ {ω} we have
A resultà la Stickelberger
The aim of this section is to obtain a global result from theorem 2.3 which is of local nature. In order to achieve this, set
where Gn = ∆ × Γn. This element looks like the Stickelberger one and our computation are inspired by this analogy. Notice that the restriction of ǫn+1 to Kn is not ǫn but ǫn + (p − 1)/2Nn where Nn is the norm element of the group algebra Z[Gn]. We should thus consider the element (j − 1)ǫn where j is the complex conjugation which is compatible with the canonical morphisms
. By lemma 2.2 we have
where c * is the inverse of c modulo p n+1 . However contrary to the standard case (the one of the Stickelberger element), I is not the order associated to We need two more ideals. Proof. We need several lemmas.
Lemma 2.5. We have I = Iǫn.
Proof. We want to show that for all β ∈ Z[Gn], βǫn ∈ Z[Gn] is equivalent to β ∈ I. Let β ∈ I. We can assume that β = (σc − c * ). Then
Let β = a xa σa with xa ∈ Z and assume that βǫn ∈ Z[Gn]. Then
When b = 1 our assumption implies that p n+1 | a xaa * so that a xaa * ∈ I. Finally we get
Let us return to the proof of theorem 2.4. On the one hand, by Leopoldt's theorem we know that En is a free Z[Gn]-module of rank one. We thus have E The following result resembles a theorem by Iwasawa (see [7] theorem 6.19). Proof. Assume to begin with that q = 2, p. Then (1 ± j)/2 ∈ Zq[Gn] so we can separate the plus-part and the minus-part. We obtain Let us now deal with the case p = 2. The trick is to modify ǫn and to defineǫn = ǫn − 1/2N where N is the norm element of the group algebra Z[Gn]. We easily check that 
